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1 Introduction and Preliminaries

Convex Bodies

Convex sets

For most of my notes, the sets we’ll be considering are subsets of Euclidean n—space. Many
definitions and theorems could be stated in an affinely invariant manner. I won’t, however,
stress this point. If we're using the symbol R"”, it should be clear from the context whether
we mean real vector space, real affine space, or Euclidean space. In the latter case, we assume
the ordinary scalar product

(x,y) =&m + ...+ & forx = (&,...,&), y= (N, M)

so that the square of Euclidean distance between points x and y equals

|z —y|I> = (x —y,x — y).

Recall that an open ball with center x and radius r is the set {y ||z —y|| < r}. By
(K,y) > 0, we mean (x,y) > 0 for every x € K. We assume the reader to be somewhat
familiar with n—dimensional affine and Euclidean geometry.

1.1 Definition. A set C' C R" is called convez if, for all x,y € C,z # y, the line segment

[z, ={ e+ (1-XNy|0<A<1}

is contained in C' (Figure 1).

Examples of convex sets are a point, a line, a circular disc in R?, the platonic solids
(see Figure 10 in section 6) in R?. Also () and R™ are convex.

If B is an open circular disc in R? and M is any subset of the boundary circle OB of B,
then B U M is also convex. So, a convex set need be neither open nor closed. In general we
shall restrict ourselves to closed convex sets.

There is a simple way to construct new convex sets from given ones:

1.2 Lemma. The intersection of an arbitrary collection of convex sets is convex.

Proof: 1f a line segment is contained in every set of the collection, it is also contained in

their intersection.



U

1.3 Definition. We say = is a convex combination of xy,...,z, € R™ if there exist
A, ..., A € R such that

T=Mr1+ ...+ N2y, (1)

M+ AN=1, (2)

AM>0,...,0 >0. (3)

If condition (3) is dropped, we have an affine combination of z1,...,z,, and x,xq, ..., z,
are called affinely dependent. If x,xq,...,x, are not affinely dependent, we say they are

affinely independent.

So, convex combinations are special affine combinations (Figure 2).

Ifxq,..., 2, are affinely independent, the numbers A , ... , A, are sometimes called barycen-
tric coordinates of = (with respect to the affine basis x1,...,x,).
1.4 Definition. The set of all convex combinations of a set M C R" is called the convex
hull

conv M
of M; in particular, conv () = (). Analogously, the set of all affine combinations of elements
of M is called the affine hull

aff M

of M. We will denote by lin M (linear hull) the linear space generated by M. It is the
"smallest” linear space containing M.

If M ={xy,...,x.} is a finite set, we say P := conv M is a convez polytope, or simply a
polytope.
If x1,...,z, are affinely independent, we say
T,—1:= conv{xy,...,z}

is an (r — 1)—simplex or, briefly, a simplex. aff T,_; and T,_; are said to have dimension
r— 1.
Remarks.

1. Clearly, M C conv M C aff M.
2. Every polytope is compact (that is, bounded and closed).

1.5 Theorem.

1. (a) A set M C R™ is convex if and only if it contains all its conver combinations, that
is, if and only if

M = conv M



2. The convex hull of M C R™ is the smallest convex set that contains M ; this means
M C M and M’ convex imply conv M C M’

Proof. First, we will show that conv M is convex.
If z,y €conv M, there exist x1,..., %, y1,...,ys € M and real numbers \y, ..., \q, ti1, ..., s
such that

ZE:)\1I1+...+)\T$T, )\1++>\T:1 )\1207---’)\7‘20

and

y:>\1y1+---+)\sy57 )\1++)\S:1 )\120,...7)\320.

Employing 0 coefficients, if necessary, we may assume r = s and y; = x;,7 = 1,...,7.
For arbitrary 0 < \ <1,

A+ (1=Ny=AXMNz1+ ...+ o) + (L= Nz + ... + ppx,)
=M+ (1= Nz + .0+ DA+ (1= Nz,

Since all coefficients are nonnegative, and since

M+ T =Npr+. AN+ 1 =N, =A+1-A=1,

Az + (1 — Ay is a convex combination of xy,...,z,. So, conv M is convex and, in view
of Remark 1, we obtain (a).

Now, to see (b), suppose M’ is a convex set, M’ D M, and that x € conv M. Then there
exist x1,...,x, € M such that x = \jz1 + ...+ Ax,, A+ ...+ A =1, and Aq,..., A\ > 0.
Since x4, ...,x, € M’ as well, we find successively

y1 =AM+ A2) ey + Aa(A 4 o) T
Yo = (M + A2) (A 4 Az 4+ As) "l + Mg (A + Ao + Ag) g

w=M 4+ D) N e A ) T,

which are all in M’, hence, conv M C M’.

1.6 Definition. If C' is a convex set, we call

dim C :=dim (aff C)

the dimension of C By convention, dim () = —1.

1.7 Definition. A compact convex set C' is called a convex body.



For example, note that points and line segments are convex bodies in R™,n > 1, so that
a convex body in R™ need not have dimension n.

1.8 Definition. We say x € M C R" is in the relative interior of M, x € rint M, if x
is in the interior of M relative to aff M (that is, there exists an open ball B in aff M such
that z € B C M). If aff M = R", then rint M := int M (note that rint R® = int R® = {0}).

Our main emphasis will be on convex polytopes and an unbounded counterpart of poly-
topes, called polyhedral cones:

1.9 Definition. If M C R", the set of all nonnegative linear combinations

I:Alyl_}_—’_Akyk) y177ykEM7 /\120a7AkZO
of elements of M is called the positive hull

0 := pos M

of M or the cone determined by M. By convention, pos () := {0}.

For fixed u € R",u # 0, and a € R, the set H := {z | (x,u) = a} is a hyperplane.
H :={z|{(x,u) > a} and H™ := {x | (z,u) < a} are called the half-spaces bounded by H.
If o C H' and o = 0, we say o has an apex, namely 0. (we use the symbol 0 for the number
0, the zero vector, and the origin).

If M ={zy,...,2,.} is finite, we call

o= pos {zry,...,z.}

a polyhedral cone. Unless otherwise stated, by a cone we always mean a polyhedral cone.
Sometimes we write

U:RZQI1+...+RZOIT,

R>( denoting the set of nonnegative real numbers. From now on, we will use the notation
R, denoting this set of nonnegative real numbers and R, denoting the set of strictly positive
real numbers.

Example. A quadrant in R? and an octant in R3 are cones with an apex, whereas a
closed half-space or the intersection of two closed half-spaces H;", H;” with 0 € H,,0 € H,
in R3, are cones without apex.

Since convex combinations are, by definition, nonnegative linear combinations, we have

1.10 Lemma. The positive hull of any set M s convex.

Figure 3 illustrates a polyhedral cone of dimension three which is the positive hull of
two-dimensional polytope K. Through pos M might generally be called a cone, we reserve
this term for polyhedral cones.

Section Exercises

1. The convex hull of any compact (closed and bounded) set is again compact.

2. Find an example of a closed set M such that conv M is not closed.



3. Determine all convex subsets C' of R3, for which R3\C is also convex. (Except 0, R*
there are, up to three such sets of affine transformations, that is, translations combined
with linear maps.

4. Call a set M e—convex if, for a given € > 0, each ball with radius € and center in M
intersects M in a convex set. Furthermore, call a set M connected if any two if its
points can be joined by a rectifiable arc (as is defined in calculus) contained in M.
Prove: (a) Any e—convex closed connected set M in R? is convex. (b) Statement (a)
is false without the assumption of M being connected.

Theorems of Radon and Caratheodory

The following theorem is helpful when handling convex combinations.

2.1 Theorem (Radon’s Theorem). Let M = {x1,...,x.} C R™ be an arbitrary finite set,
and let My, My be a partition of M, that is, M = My U My, My N\ My =0, My # (), My # ().

1. (a) If r > n+ 2 then the partition can be chosen such that

conv My N conv My # ().

2. (b) If r >n+1 and 0 is an apex of pos M, yet 0 ¢ M or r > n+ 2, then the partition
can be chosen such that
pos My N pos My # {0}.

3. (¢) The partition is unique if and only if, in case (a), r = n+2 and any n+1 points of
M are affinely independent, in case (b), r =n+1 and any n points of M are linearly
independent.

2.2 Definition. We call M, M, in Theorem 2.1 a Radon partition of M.
Proof of Theorem 2.1
(a) From r > n + 2, it follows that xq,...,z, are affinely dependent. Hence,

AMx1+ ...+ Az, =0 can hold with A\ + ...+ A, =0, not all \; = 0.

We may assume that, for a particular j,0 < j < r,

)\1>O,...,)\j>0; >\j+1§07"'7>\r§0
We set

)\::)\1+-~-+)\j:_)\j+1_-~-_)\r>0 and
€T = )\_1()\1171 + ...+ )\jxj) = —A_l()\j+1$j+1 + ...+ )\T.CET).

Then, x € conv M; N conv My for



M1 = {:pl,...,xj}, MQ = {Z’j+1,...,$r}.

(b) We prove the uniqueness only in case (a); case (b) is proved similarly. First, assume
r =mn+ 2 and no n + 1 points are affinely dependent. Suppose that

Ml = {xla ce 7Iik}7 M2 = {Iikﬂ’ T 7xin+2}

is a second Radon partition of M and

Yy € conv J\Zfl N conv Mg.
Then,

y = (i, 4 i, = =0 (T, o g2 T,,)

where p1 > 0, e > O3pprr < 0o ipinee < Ok > 1, and p = gy + ... + g =
— g1 — - - - — Hpio. We may assume

Ty = x4 (€ Ma)

We choose 0 < o < 1 such that

aX N+ (1 —a)p i =0
Then,

Oé)\il()\l.fl + ...+ )‘n+2xn+2)
+ (1 - Q)M_l(ﬂlfﬂl .o+ Mn+2xin+2) =04+0=0

and

A A\ Age) (1= @)™ (o i) = 0.

expresses an affine relation between n + 1 of the points of M (z;, and z;;; cancel out ),
unless all coefficients vanish. Therefore, A\, = —a~ (1 — a))\,ufluw s p=1,....n+2, and
there is a map ¢ — ¢, ¢ € {1,...,4,7+2,...,n+ 2},¢' € {iz,...,n + 2} such that
Ao = —a 11 — @) Ay Since ™! > 0,1 — a > 0, and A > 0, the set of those ¢’ for which
py < 0 is the same as the set of those ¢ for which A, > 0. Therefore M; = {z1,...,2,;} =
{Zirors- s Tirsn} = My and consequently M, = M; ,too.

To prove the converse, we distinguish these two cases.

() r =n+2, and ,...,x,, are affinely dependent, M := {xy,..., 241}
(1) r > n+2.

In case I, M is contained in a hyperplane so that, by (a), we find a partition of M into

My, My with conv M0 conv My # (). Then, My U{x, 2}, My and My, My U {x, o} are two
different Radon partitions of M.



In case II, consider a proper subset M of M which has at least n + 2 points. Let My, M,
be a Radon partition of M. Then, M; U (M\M), My and My, My U (M\M) are different
Radon partitions of M.

O

2.3 Theorem (Caratheodory’s theorem).
(a) The convex hull conv M of a set M C R™ is the union of all convex hulls of subsets of
M containing at most n + 1 elements.
(b) The positive hull pos M of a set M C R™ is the union of all positive hulls of subsets of
M containing at most n elements of M.

Proof:
(a) Let

r=Mx1+...+ ANz, € conv M,

and let r be the smallest number of elements of M of which x is a convex combination.
Contrary to the claim, » > n + 2 implies there exists an affine relation

iy + ..o+ ppx, =0, with gy + ...+ p, =0, but not all p; = 0.
For p; # 0, we obtain from (1) and (2)

A A
rT=MT1+ ...+ N2, = ()\1 — —j‘,ul)xl +...+ (/\T— —Jur>xr.

Ky 27

We may assume p; > 0, and, for all p, >0,k =1,...,r,
N M
Hj Mk
Then,
Aj .
Ai — —u; >0 foreo=1,...,r

J

Since A; — %,uj = 0, equation (3) expresses = as a convex combination of less than r
J
elements of M, a contradiction of the initial assumption.
(b) Replace in the proof of (a) ”convex combination” by ”positive linear combination”

and ”affine dependence of n + 1 elements” by ”linear dependence of n elements” to obtain a
proof of (b).

O
Exercises

1. In analogy to the above examples in Figure 4, find all types of Radon partitions of
n + 2 points in R™ whose affine hull is R".



2. If aff M = R"™, then, conv M is the union of n—simplices with vertices in M.

3. Every n—dimensional convex polytope is the union of finitely many simplices, no two
of which have an interior point in common.

4. Helly’s Theorem. Suppose every n + 1 of the convex sets Ki,..., K, in R" has a
nonempty intersection, m > n + 1. Then (", K; # 0. (Hint: For m = n + 1 there is
nothing to prove. Apply induction on m and use Radon’s Theorem).

Nearest point map and supporting hyperplanes

Quite a few properties of a closed convex set K can be studied by using the map that assigns
to each point in R™ its nearest point on K. First, we show that this map is well defined.
3.1 Lemma. Let K be a closed convex set in R™. To each x € R"™ there exists a unique
' € K such that

— /|| = inf ||z — y]. *
lo —a'| = inf [lz -yl ()

Proof: The existence of an z’ satisfying (x) follows from K being closed. Suppose that, for
= K, " ?é JI/,

— 2| = inf ||z — y]|.
|l = 2"l = inf flo —y]

Consider the isosceles triangle with vertices x,2’,2”. The midpoint m = %(x’ + 2") of
the line segment between x’ and z” is, by convexity, also in K, but satisfies

lz —m]| < inf flz =yl

a contradiction.

3.2 Definition. The map

pKZRn—)K
x> pr(x) =2’

of lemma 3.1 is called the nearest point map relative to K.
Clearly,
3.3 Lemma.

1. (a) px(z) =z if and only if x € K;

2. (b) pk is surjective.



Generalizing the concept of a tangent hyperplane is the following.

3.4 Definition. A hyperplane H is called a supporting hyperplane of a closed convex
set KCR"if KNH#0and KC H or K C HT.

We call H~ (or HT, respectively) a supporting half-space of K (possibly K C H).

If u is a normal vector of H pointing into H " (or H ™, respectively), we say that u is an
outer normal of K (Figure 5), and —u an inner normal of K.

3.5 Lemma. Let () # K C R" be closed and convex. For every x € R™\ K the hyperplane
H containing x' := pg(x) and perpendicular to the line joining x and ' is a supporting
hyperplane of K described by H = {y | (y,u) = 1}, for u = Ty unless H contains 0.
Proof: The hyperplane H := {y| (y,u) = 1} (u as before) is perpendicular to z — 2’ and
satisfies ' € H. Moreover, (x — 2',x — 2’) > 0 implies (z,x — 2') > (2/,x — 2’) and,
thus, x € H*. Suppose H is not a supporting hyperplane of K. Then there exists some
y€ KN (H\H),y # x. By elementary geometry applied to the plane E spanned by x, 2/,
and y, the line segment [y, 2’| contains a point z interior to the circle in E about z with
radius ||z — 2’||. Then, ||z — z|| < ||z — 2'||, a contradiction.

3.6 Lemma. Let K C R" be closed and convex, and let x € R"\ K. Suppose y lies on
the ray emanating from x’ and containing x. Then x’ =1/ .
Proof: First, assume y € [z, 2']. Then in the case 2’ # ¥/,

|z —2'|| =y = 2'[| + |z =yl > lly =¥l + |z = yll > [|l= =¥,

a contradiction.
If x € [y,2'],2" # o/, then, the line parallel to [y, '] through x meets [2/,%] in a point
w0 # ', From |l —a|| = o — /| {222}

3.1), we obtain ||z — z¢|| < || — 2’|, a contradiction.

(similar triangles) and ||y — /|| < ||y — /| (Lemma

O

3.7 Lemma (Busemann and Feller’s lemma). px does not increase distances, and, hence,
1s Lipschitz with Lipschitz constant 1. In particular, pg is uniformly continuous.

Proof: Let x,y € R"\K. For px(r) = px(y), the lemma is trivial; so, suppose px(z) #
pr(y), and let g be the line through 2’ := px(x) and y' := px(y). We denote by Hy, Hy the
hyperplanes perpendicular to ¢ in 2,4y, respectively.

Neither of x and y lies in the open stripe S bounded by H; and Hs, for if, say, x does,
the foot xq(orthogonal projection) of x on ¢ lies in K, and then

lz = ol < [l = 2|,

a contradiction. Also, the points x,y cannot lie on the same side of H; or Hy opposite to
S since [z, 2']N(S\K) # 0 or [y,y'] N (S\K) # 0 would contradict what we have just shown
and Lemma 3.6.



3.8 Theorem. A closed convex proper subset of R™ is the intersection of its supporting
half-spaces.

Proof: By Lemma 3.5, there exists a supporting half-space of K. Let K’ := (| H™ for all
supporting half-spaces H* of K. Clearly, K C K'.

Suppose x € K'\K. Then pg(z) # = and, hence, by Lemma 3.5, the hyperplane per-
pendicular in px(z) to the line joining x and px(z) separates x and K, so that x ¢ K’ a
contradiction.

O

Remark. In general, not all supporting half-spaces of K are needed to represent K as
their intersection. A triangle in R?, for example, has infinitely many supporting half-places,
but three half-planes already suffice to represent the triangle as their intersection.

3.9 Theorem. Any closed convex set K possesses a supporting hyperplane at each of its
boundary points.

Proof: Suppose xy € K is a boundary point of K, that is, any open disc Us with center
xo and radius § > 0 contains points from R"\ K. Then, xq is the limit point of a sequence
{z;} — x¢ with z; € 0K, such that there exist supporting hyperplanes H; of K at z;
according to Lemma 3.5. Let s; be the ray of outer normals of H; in+=1,2,..., and let S
be a sphere with center x.

For sufficiently large i,s; NS is a point y;, and x; = pk(y;) by Lemma 3.6. {y;} has
a cluster point yy # xo. Since px is a continuous (Lemma 3.7), px(yo) = o and yo ¢ K
otherwise px(yo) = yo = xo would follow. Therefore, Lemma 3.5 applies, and the theorem
follows.

O

Exercises

1. Let K C R" be closed and convex. Then, dim K = k if and only if, for any = €rint K,
the set px' () is an (n — k)—dimensional affine space, 0 < k < n.

2. Every closed convex set is the intersection of countably many of its supporting half-
spaces.

3. Let M C R™ be compact. pos M has an apex if 0 ¢ conv M.

4. A closed set K C R" that possesses a well-defined nearest point map is convex. (Hint:
Reduce the problem to n = 2. Use increasing sequences B; C By C ... of circular discs
B; CR\K,j=1,2,....

10



Faces and normal cones

Although faces and normal cones will mainly be used in the special case of polytopes, we
introduce them for closed convex sets. This lets us see properties specific to polytopes.

4.1 Definition. If H is a supporting hyperplane of the closed convex set K, we call
F:= KN H a face of K. By convention, () and K are called improper faces of K.

If we speak about faces, it should be clear from the context whether we include @) or K
or not.

By Lemma 1.2,
4.2 Lemma Fvery face of a closed convex set K is again a closed conver set.
So we can speak about the dimension of a face. Recall the convention dim () = —1.

4.3 Definition. By a k—face F of K, we mean a face of dimension k. We call F
e (a) avertex of K,if k=0

e (b) an edge of K, if k =1,

e (c) a facet of K, if k = dim K — 1.

We denote the set of vertices of K by vert K.
4.4 Lemma. Let Fy and F be faces of a closed convex set K such that Fy C Fy. Then,
Fy is a (possibly improper) face of F.

Proof: Let Fy = K N Hy, where Hj is a supporting hyperplane of K and, hence, also of Fj.
Then,

FlmH[)CKﬂHO:F(]CFlﬂHo,

hence, Fy = Fi N Hy which proves the lemma.
O

Remark. The converse of Lemma 4.4 is false. As Figure 6 illustrates, Fy can be a face
of I, F} a fake of K, but Fy cannot be a face of K. For a polytope, however, the converse
of Lemma 4.4 is true (see Chapter II, Theorem 1.7).

Now, we will generalize Lemma 4.4.

4.5 Lemma. If Fy, ..., F, are faces of a closed conver set K, then, F := FyN...NFE,
is also a (possibly improper) face of K.

Proof: Since being a face is not affected by doing so, we may assume 0 € F' (unless F' = ()
in which case there is nothing to prove).

11



Let H; = {x | (x,u;) = 0} be a supporting hyperplane of K such that F;, = K N H;,1 =
1,...,r. By possibly changing signs of some of the u;, we can arrange
KcH;, ={z|{z,u) <0}, i=1...,r

We set u := u; +...+u,. If necessary, we can replace u; by 2u; so that u # 0 can always
be assumed. We find

(x,u) = (z,u1) + ...+ (r,u) <0 foralxe K.

Therefore, H := {z | (z, ) = } is a supporting hyperplane of K. Moreover, (x,u) = 0
is true if and only if (z,u;) = ... = (z,u,) = 0. Hence,

re KNHifandonlyifz e (KNH)N...N(KNH,)=F.

4.6 Lemma.

1. Suppose F is a face of the closed convex set K and x,x € rint F'. Then, any supporting
hyperplane of K at x also contains .

2. If F, F' are faces of K and (rint F) N (rint F') # 0, then, F = F’.
Proof:

1. (a) The line segment [z,2’] is properly contained in a line segment [y,y’] C rint F.
Should a supporting hyperplane at x not contain  two of the points & and y, ¢, would
be separated, a contradiction.

2. (b) is obvious.

4.7 Definition. Let z be a point of the closed convex set K. We call

N(z) == —x + pi ()

the normal cone of K at .
4.8 Lemma. N(x) is a closed convex cone; it consists of 0 and all outer normals of K
inz. Ifx € int K, then, N(x) = {0}.

Proof: First, note that N(x) is, indeed, a cone. From Lemmas 3.5 and 3.6, we deduce the
second part of the lemma. pl}l () and, hence, —x + pl}l (x) is closed since pg is continuous
(Lemma 3.7). To show that N(x) is convex, we arrange for x = 0 with a translation. Then,
for u,v € N(0), we may assume (K,u) <0 and (K, v) <0, so that

(K, Au+ (1 —=Xv) <0 for 0 < X< 1;

hence, Au+ (1 — A\)v € N(0).

12



4.9 Definition. Let o be a cone. Then,

=1y |{o,y) > 0}
is called the dual cone of o (Figure 7).

Lemma 4.8 implies Lemmas 4.10 and 4.11.
4.10 Lemma. If o is a cone with apex 0, then N(0) = —&(5 reflected in 0).

4.11 Lemma. Let F be a face of the closed conver set K. For xz,z € rint F,
N(z) = N(2).

Proof: This follows readily from Lemma 4.6.

4.12 Definition. If F'is a face of a closed convex set K and z € rint F, then N(x) is
denoted by N(F') and is called the cone of normals of K in F.

4.13 Theorem. Let K be a convex body in R™ and x(F) one of the relative interior points
of a face F # 0 of K. Then, {rint N(x(F)) | F a face of K} = { rint N(F) | F a face of K}
is a partition (disjoint covering) of R™.

Proof: Let 0 # u € R™. Since K is bounded, there exists a hyperplane H(a, u) = {z | (z,u) =
a} such that K C H™ (o, u). Put H™ = (", H (o, u), the intersection taken for all «, such
that K € H (a,u). Clearly, H™ is again a closed half-space and F := HN K # (). For
x(F) € rint F, u € rint N(z(F)); this is elementary in every plane passing through x(F')
and containing u; hence, it carries over the general situation. So, every u # 0 occurs in some
cont rint N(z(F')). Also, the point 0 occurs in rint N(z(K)) since, for = € rint K, the cone
N(z) is a linear space (= {0} if dim K = n).

Suppose y € rint N(z(Fy))N rint N(x(F32)). Then, px(y + x(F1)) = x(F1) and px(y +
x(Fy)) = x(F,) so that, by Lemma 3.5, the supporting hyperplanes in z(F) and z(F5)
coincide. This implies F; = F5.

O

4.14 Definition. Y (K) denotes the set of all cones N(F') and is called the fan of K
(see Figure 8).

Exercises

1. Let K be convex and closed, int K # (), and let L be an affine subspace such that LN
int K =(,LNK # (). Show that there exists a supporting hyperplane of K which
contains L.

2. Characterize convex polytopes which have the same fan.

13



Support function and distance function

Now we will generalize the linear function hqy := (a,-) for arbitrary compact subsets K of
R"™ :
5.1 Definition. Let K C R" be a nonempty convex body. The map

hk : R" — R defined by u +— sup(z, u)
zeK

is called the support function of K. The next statement is an obvious consequence of the
definition.

5.2 Lemma. If K + a is a translate of the convex body K, then,

hiio(u) = hg(u) + (a,u) for all u € R™.
Example 1. For n = 1, set K = [¢,d]. Then

(d,uy foru>0
hy. =
e () {(c, u)y foru<o0

5.3. Lemma.

1. For every fixed nonzero u € R"™, the hyperplane

Hic(w) i= o] {2, u) = hic(u)} *)
is a supporting hyperplane of K.
2. Every supporting hyperplane of K has a representation of the form (x).
Proof:

1. (1) Since K is compact and (-, u) is continuous, for some zy € K,

(ro,u) = hg(u) = 22}8(35,@

For an arbitrary y € K, it follows that (y,u) < (zg,u); hence K C Hy(u). This proves

(1).

2. (2) Let H = {z | (z,u) = (x0,u)} be a supporting hyperplane of K at z,. We choose
u # 0 such that K C H~. Then, (zg,u) = sup,cx(x,u) = hx(u) which implies (2).

O
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5.4 Definition. A function f : R® — R is said to be convez if, for all 0 < A < 1 and
r,y € R",

fOz+ (1 =Ny <Af(z)+ (1 =) f(y).

Note that if f is convex and L is an affine subspace of R", then, f|., is also convex.
Example 2. For n =1 and z,y € R, the graph ['(f) of a convex function f lies "below”
the line-segment [(z, f(z)), (y, f(y))] in R?. Hence for convex f,ifa < -1 < b <0, f(b) =1,
and f(0) = 0, then, (a, f(a)) and (=b, —f(—b)) are ”above” the line through (b, 1) and (0, 0),
so that f(a) > —1 and f(b) > —f(—b).

5.5 Definition. A function f : R® — R is called positive homogeneous if, for any A > 0
and z € R",

FO) = Af(x).

5.6 Lemma. A positive homogeneous function f : R™ — R is convex if and only if

flx+y) < f(o)+ f(y) foralzyeR" (1)

Proof: Let the positive homogeneous function f be convex. Then (1) follows from

%f(ﬁy) = f(%l”r %y) < % (z) + %f(?/)-

Conversely, if (1) holds for f, then, for 0 < A <1,

Oz + (1 =Ay) < fAz) + f(1 = ANy) = Af (@) + (1 =N f(y),

so f is convex.

O
5.7 Lemma.
1. A function f : R® — R is convex if and only if, for every convex combination x =
ATo+ -+ AT, N >0,...0, >0, A+ ...+ N\, =1 of points xq,...,x,

2. Every convex function f :R™ — R is continuous.

3. [ R"™ = R is convex if and only if TT(f) := {(z,§) |z € R",§ € R, f(x) <&} is a
closed and convex subset of R"+1.

4. A positive homogeneous function f: R™ — R is convez if and only if TT(f) is a closed
conver cone.

Proof:

15



1. (1) If eq. (1) is true, we obtain, for zy = ... =z, (using 1 — Ao =X\ + ...+ \,),

J(Qozo + (1 = Ao)z1) < Aof (o) + (1 — o) f(21),
so that f is convex.

If conversely, f is convex, we proceed by induction and assume f satisfies (1) (with
n replaced by n — 1) on each (n — 1)—dimensional affine subspace of R"™. Then, for
M < landy:=(1— A)*l()\lxl AT = (A )T O e Ay,
we find

Fozo+ ...+ X)) = f(Xoxo + (1 — Xo)y)
< Aof(zo) + (1= Xo)f(y)

< affan) + Ot A (0 S )

i=1

= )\Of(ZL“o) + Alf(ffl) +.ooF )‘nf(xn) )
so that (1) follows.

. (2) Given a point zg in R", we consider a regular n—simplex T :=conv {x1,...,Z,11}
which possesses z as center of gravity and for which ||x; —zo|| = ... = |21 — 0| = 1.
We set d := max{|f(z1) — f(zo)|,...,|f(xn1)— f(x0)|}. Let x lie in a §o—neighborhood
Us,(z0) of xy such that Us,(zg) C T. Since T is covered by n—simplices T; :=conv
{zo, ..., i1, Tix1,- -y Tns1},4 = 1,...,n + 1, we may assume z to line in one of the
T;, say in Ty, 1, x = XNxo+ .-+ A\uZr, Ao > 0,.... 0, >0, N+ ...+ A, = 1. Clearly,
ANi <d0g<1,i=1,...,n. We may assume f(z) > 0in 7T (up to adding a constant).

Given € > 0, we may choose § := ;== and obtain (using (1) and assuming ¢ < dg)

[f(2) = f(@o)| < [Aof(wo) + ...+ Auf(n) = f(0)]
= |\ (f(z1) = f(z0)) + +A (f(@n) — (Io))\
< Out ot A)d < n8(d+ 1) =

Therefore, f is continuous.
. (3) let f be convex. Given (z,€), (y,n) €TH(f),0< a <1,

flaz+ (1 —a)y) <af(z)+ (1 —a)f(y) <al+ (1 —a)n;
hence,

a(z,8) + (1= a)(y,n) = (ax + (1 — a)y,af + (1 — a)n) € T7(f).

Therefore, 'V (f) is convex. From (2), it readily follows that T't(f) is also closed. The
arguments may, obviously, be reversed.
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4. (4) Consider if f is homogeneous and convex, the closed set I'"(f) is a cone. If,
conversely, ' (f) is a closed and convex cone, f is homogeneous, and by (3), convex.

O

Remarks.

1. By Caratheodory ’s theorem, in (a) we may choose x to be a convex combination of
an arbitrary number of points.

2. If, in the definition of a convex function, R™ is replaced by a closed convex subset of
R”, (2) and (3) need no longer be true. Example: Let the subset be the closed unit
ball B of R", and let f(x) =0 for « € int B, f(z) =1 for z € 0B.

5.8 Lemma. The support function hx of a conver body K is positive homogeneous and
convez.

Proof: Let A > 0. It’s easy to see

hx(Au) = sup(x, Au) = Asup(z,u) = Mg (u).

rzeK TzeK

Hence, hg is positive homogeneous.
From (z,u) < hg(u), (z,v) < hg(v) Vo € K, we obtain

(x,u+v) < hg(u)+ hg(v) for all z € K.

Hence,

hi(u+v) = sup(z,u+v) < hg(u) + hg(v).
zeK

Therefore, by Lemma 5.6, hx is convex.

5.9 Lemma. hy is linear on each cone of the fan 3(K) of K.

Proof: All points u in a fixed cone o of ¥(K') have the same nearest point zy := pg(u). As
in the proof of Lemma 5.3(b) we obtain

hK|o‘ = <$0, '>|U-

5.10 Definition. Let K be an n—dimensional convex body in R", and let 0 € int K. Then
we can denote the map as

dg :R" - R
defined by

17



dg(A\Z) ==X, forz€dK and A >0,

is called the distance function of K.
We can show that dk is well defined (part (b) of the following lemma).

5.11 Lemma. Let K be an n—dimensional convex body in R™.

1. If a line g intersects OK in three different points, then, g is contained in a supporting
hyperplane of K, so, in particular, ¢ N int K = ().

2. Any ray emanating from a point in int K intersects a K in one and only one point.
Proof:

1. Let A,B,C € gNOK, and let B lie between A and C'. We consider a supporting
hyperplane H = {z | (x,u) = ¢} of K in B. If H did not contain both A and C, it
would separate these points properly, which contradicts the definition of a supporting
hyperplane.

2. Let y € int K, 0 be a ray emanating from y, and A be the line that contains . The
intersection h N K is a convex body, hence, a line segment [yo,y1]. Either yy or y;
equals o NOK.

O
5.12 Lemma. The distance function dg is positive homogeneous and conver.

Proof: By definition, dy is positive homogeneous.
To prove convexity, let dg(x) = N\, dg(y) = p. A =0o0r p =0, then z = 0 or y = 0,

and there is nothing to prove. So, let us consider A\, u # 0. Take 0 := FMM’ we obtain

(1—90)x+y € K, for \T =z, uy = y, hence,

A p

T + y) =d
)\+ux )\+,uy) K(

1> d((1—6)Z + 67) = dg( (z +y))

A+

1
:—d
)\+M K(x+y)7

hence, dx(x +y) < A+ p = dg(z) + dg(y). So dg is convex by Lemma 5.6.
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5.13 Definition. A convex body K is called centrally symmetric if it is mapped onto itself
by a reflection in a point ¢ (which assigns to each z = ¢+ (x —¢) the point ¢c— (z—c¢) = 2c—x.
We call ¢ the center of K.

From the above lemmas, we can derive Theorem 5.14.

5.14 Theorem. Let K be a centrally symmetric convex body with 0 € int K as its enter.
Then, dg defines a norm on the vector space R™, that is, a map

satisfying, for all x,y € R™ and \ € R.

e ||z|]| =0 if and only if t =0,

o [|Az] = Al [l

o [lz+yll <zl + [yl

Example 3. The “maximum norm” in R? is of the form

dg (x) := max{|xy]|, |z2|}

where x = (21, z5) and K is the square with vertices (1,1), (1,—1),(—1,1),(—1,—1).

Example 4. Consider the “Manhattan norm” dg/(x) := |z1| + |22 where K’ is the square
with vertices (1,0),(0,1), (—1,0), (0, —1).

In the following section, I will provide explanation into how these norms in the above
examples are interconnected.
Exercises

Polar bodies

Let us consider the polarity 7 in R™ with respect to the unit sphere S := {z | (x,z) = 1}. It
assigns to every affine subspace W of R™ with 0 ¢ W a subspace w(W) of of R” of dimension
n—1—dim W : If 0 # u is a point in R", then,

w(u) = H, = {z| (x,u) = 1}.
If the affine subspaces U and V which generate W are not parallel and if W does not
contain 0, then, 7(W) = 7(U) N7 (V). Note that 7 o 7 is the identity.
The exceptional role of the point 0 can be avoided by going over to the projective ex-
tension of RY by adding a “hyperplane at infinity”, H,,. Then, 7(0) = H,. That will be
needed, for example, in Lemma 3.

6.1 Definition. Let 0 € int K, where K is a convex body. Then, for u # 0, the half-spaces
H, which contain 0 and, for H, = R",
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K*:= () H,

ueK

is called the polar body of K. Clearly then, we see that 0 €int K* and K* = (,cyx Hy,
since 0 € int K.

6.2 Definition. We will represent the points of R"” U H,, by the one-dimensional subspaces
of R™! such that the points of H,, are spanned by vectors (0,...,0,&), & # 0. Then, a
linear transformation of R™™! up to multiplication by a nonzero factor is called a projective
transformation of R™ U H,. It is called permissible with respect to the convex body K C R"
U H, if Hy is mapped onto a hyperplane disjoint from K.

6.3 Lemma. If the convezr body K is so translated to 7(K) that 0 remains in the interior,
then, (T7(K))* is obtained from K* by a permissible projective transformation.

Proof: This follows from general facts on projective transformations.

6.4 Theorem. Let K be a convex body with 0 € int K. Then,
1. K* =K,

2. The distance function of K equals the support function of K*, and, conversely

dg = hg+ dy = hg.
Proof.
e By definition of H,, for every u # 0 of K,

H, = {z|{uz) <1}

Therefore, using the obvious notation of (K, z) < 1, we can write K* as

K ={z|(K,z) <1} and K" ={y|(K",y) <1}

If y € K, then, the definition of K* yields (y, K*) < 1 and, thus, K C K**. Suppose
K # K**. Then, let x € K**\ K. For

x—a
2 i =pg(x) and ui=-—-—--—---
pi () (', x —a')

Invoking Lemma 3.5 yields
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re H\H,, butalsoKCH,,

whence u € K*. Since v € K**, it follows that (u,z) < 1,i.e., x € H, , a contradiction.
Thus we’ve proved part (a), but need two supporting lemmas to prove (b) first.

O

6.5 Lemma. Let Ky, Ky be convex bodies such that 0 € int Ki and K; C Ky. Then,
K3 C K7.

Proof: 1f y € K3, then, (K»,y) < 1, hence, in particular, (K7, y) < 1. This implies y € K.
6.6 Lemma. [fx € 0K, 0 € int K, then, H, is a supporting hyperplane of K*.

Proof: We know that K* = (1,45 H, . For every v € 0K, there exists a 3, € Ry such
that Hg, is a supporting hyperplane of K*. Thus, K := conv({8,z | z € dK}) includes K,
obtaining

K= () H = ()| H;.2K = () H,.

yEOK z€OK x€0K

Since, obviously, H, . C H_, we find that 5, =1 for every z € oK.
O

Proof of (b) in Theorem 6.4. Let u € R™\{0}. We may assume u € 0K, hence, dx(u) = 1.
By Lemma 6.6, H, is a supporting hyperplane of K*, and we obtain hy«(u) = 1 from Lemma
5.3.

O

6.7 Theorem. Let K be a convex body in R™ with 0 € int K. Set K, := ' (dg) C R*"!
(see Lemma 5.7) and H := {(z,1) |z € R"}. Then,

1. 0K is the graph of dg in R"*1,

2. K N H is a translate of K.

3. K} N H is a translate of K*.

4. K, K7 are cones with apex 0 in R+,

6.8 Theorem. Fvery positive homogeneous and convex function h : R™ — R is the support
function h = hx of a unique body K (whose dimension is possibly less than n).
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Proof. Let us write R* = U @ U+, where U is the maximal linear subspace of R" on which
h is linear. Then, there exists a € U such that, for (z,2') € U@ U+,
h(z,2') = (z,a) + hly.(2). (*)
Moreover, I'F(h|y1) is a cone with apex 0 in UL @R (see Lemma 5.7). Thus, there
exists some b € U~ such that the hyperplane H := {(y, (y,b))|y € Ut} in U+ @ R intersects
' (h|y1) only in the apex. Now the set
Ko+ (0,1) == (U x {1}) N T* (hlys — (b))

is a convex body and, by Lemma 5.2, |1 — (-, b), the support function of Ky—b. Finally,
(%) and Lemma 5.2 yield that h is the support function of K := Ky — b+ a.

U

Exercise

1. Let K be an unbounded closed convex set, dim K = n, and let 0 € int K. We set
K*:= (| H, where H; :=R"™.

ueK

e Show that K™ is a convex body,
e Must K** = K7

2 Combinatorial theory of polytopes and polyhedral
sets

2.1 The boundary complex of a polyhedral set

We will now turn to the specific properties of convex polytopes, or, briefly, polytopes. In
1.1 we introduced these as convex hulls of finite point sets in R™. Our first aim is to show
that, equivalently, convex polytopes can be defined as bounded intersections of finitely many
half-spaces.

1.1 Theorem. Fach polytope possesses only finitely many faces; they, too, are polytopes.

Proof: Let P = conv{xy,...,z,.}, and let F':= PN H be a face where H = {z | (z,a) = a}
is a supporting hyperplane of P such that P C H~. We may assume the following

T1,...,0s € Hy xgyq,...,x. € int H™

and find
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(x;,a) = « fori=1,...,s
(xijya) =a— B, 5; >0 fori=s+1,...,7

Then, for

17:)\1{L'1+...+)\TZET, >\1++/\T:17 )\jZO, jzl,...,T,

(z,a) = ZT:AK%’@ = Xr:/\ia - ZT: Aifdi = o — ZT: AifBi.
i=1 i=1

1=s+1 i=s+1

Therefore, x € H if and only if >, 41 Aifi = 0, which, in turn, is equivalent to A\sy1 =

...= X = 0. So, z is a convex combination of z1,...,x,. Hence H N P = conv{zy,...,xs}
is a polytope.
Since only finitely many convex hulls of elements of {z1,...,z,.} exist, the theorem fol-
lows.
O

1.2 Krein-Milman Theorem. Fach polytope P is the convex hull of its vertices, that is,

P = conv(vert P).

Proof: Obviously, we can see that conv(vert P) C P. For the opposite inclusion, we may
assume that P = conv{xy,...,z,} and z; ¢ conv{wz1,..., i1, Tiy1,..., 2.} = P for 1 <
i < r. Denote by ¢; := pp,(x;) to be the image of x; under the nearest point map pp, with
respect to P;. By I, Lemma 5.3, the hyperplane H; through ¢; with normal x; — ¢; is a
supporting hyperplane of P;. We translate H; by adding x; — ¢; and so obtain a supporting
hyperplane H/ of P for which

Therefore x; is a vertex of P. This implies P C conv(vert P). Hence, the theorem
obviously follows.

O

1.3 Definition. The intersection of finitely many closed half-spaces in R" is called a poly-
hedral set.

1.4 Theorem. FEvery polytope P is a bounded polyhedral set.
Proof: We may assume that aff P = R". Now let F; := P N H; to be the facets of P((n —

1)—dimensional faces), and let P C H; ,i=1,...,s.
Obviously, P is contained in
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ﬁ H =: P
i=1

Suppose then that zq € P\ P. Consider the union A of all affine subspaces of R" spanned
by xy and at most n — 1 vertices of P. Since A has no interior points, there exists

z € (int P)\A.

The line segment [z, x¢] is not contained in A and intersects P in a point y. Since 0P is
the union of all (proper) faces of P (I, Theorem 3.9), y is contained in a face F. From dim
F < n —1 would follow = € A, a contradiction. Therefore F is a facet, say F{) and y € rint
F. But, then, aff F; would be one of the hyperplanes H;, i € {1,...,s}, and so, xy ¢ P’, a
contradiction to the initial assumption.

O

1.5 Theorem. FEvery bounded polyhedral set is a polytope.

Proof: We will proceed by induction on dim P, P := H; N...N H; . Let us assume that
each of the (proper) faces F; :== H,; NP is a polytope. Replacing R" by aff P we may assume
that P is of maximal dimension. Obviously,

conv( LSJ Fj) C P;

j=1

it suffices, thus, to show the opposite inclusion for int P. For z € int P, fix a ray o
emanating from x not parallel to any H; for j = 1,...,s. Then, by I, Lemma 5.11, 0 N 0P
consists of one point z,. Since P C U;_,F}, the point z, is contained in a face, say Fj,.
The analogous statement holds for the ray opposite to o. Since z € [z,,z,], we find z €
conv(Fj, U F} ), and, then,

int P C conv (UF])

j=1

We may then summarize Theorems 1.4 and 1.5 as follows:
polytopes = bounded polyhedral sets

1.6 Corollary. Any affine subspace L of R™ intersects a given polyhedral set (polytope) P
in a polyhedral set (polytope).

We are now ready to prove the converse of I, Lemma 4.4, in the case of polytopes.
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1.7 Theorem. Let P be a polyhedral set. If Fy is a face of P and Fy is a face of F}, then,
Fy is a face of P.

Proof: First, let us assume P to be bounded, that is, a polytope P and vertices P =:
{z1,..., 2} We may assume that z; = 0 € Fy # F;. There are linearly independent wy,
uy such that, for H; := {z | (x,u;) =0},i =0, 1,

FOZHomFl, F1CH6
F,=H,NP, PcCH;.

We denote by s, ...,z the vertices of P\F|, by xs.1,...,2; those of F}\Fy. For i =
2,...,8, there exist points u; such that

H; .= lin({x;} U (HoN Hy)) = {x | (z,u;) = 0}.
All u; lie in the plane (Hy N Hp)*; hence, we may assume that F} C (),_, H; and that
all u;, considered as points, lie on the line g through uy and wuy,

w; = up + o;(ug — up), i=2,...,s.

The u;’s even lie on the ray of g emanating from w; and including ug, since a; € R;.
From z; € H;, for j € {s+1,...,t}, we see that

0> (xj,uw) = (1 —a;) (), up).
Since Fy C Hy implies (xj,up) < 0,(1 —a;) > 0. Hence, there exists a point v € g
separating u; from {us, ..., us} properly, that is,

uw=Nuy + (1 = X\)u;, forsomeO <\ <1, i=2,...,s.

The hyperplane H := {x | (x,u) = 0} is a supporting hyperplane of P with H N P = Fy.
For z; € F, we obtain

<xj7u> = )‘i<xj7u1> + (1 - )‘1)<x]7u1> = (1 - )‘Z)<IJ7UZ> < 07
since F; C H; . Thus, (x;,u) = 0 if and only if x; € Fy C HyN Hy. For z; € vertices
P\Fy, (z;,u1) <0 and, thus

which implies P C H~ and PN H = Fy.

If P is not a polytope, we choose a sufficiently large n—simplex S so that int S intersects
each face of P. Then, all bounded faces of P are contained in int S. If F' is an unbounded
face of P, we find that F' = P N H, H is a supporting hyperplane of P, if and only if
FNS=PnNnSnNH. Each face F' of P intersects PN S in a face F/ .= PNSNF of PNS
such that dim F' = dim F’. So, the theorem readily follows from its validity for P N S.

O
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